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Abstract— The goal of this paper is to impr ove on single-trial
classi�cation of electro-encephalography (EEG) using linear
methods. The paper proposesto combine the classi�cation of
the spatial distrib ution of activity with the classi�cation of its
temporal pro�le. The work is basedon the idea that a curr ent
source in the brain has a reproducible temporal pro�le with
a static spatial projection to the electrodes. This assumption
reducesthe parameter spaceof a linear classi�er to a rank-one
factorial space.The new model limits over-�tting due to the
fewer number of parameters, and furthermor e, it allows us to
declare a prior belief of smoothnesson the spatial and temporal
pro�les of the source.Our experimentsshow that the method is
useful as a classi�er with an area under the ROC curve of 0.93
having only 40 target trials available for training . Investigation
of the trained classi�er encouragesus to belief that the method
can also be useful as a tool to interpret the activity in the data
at hand with respectto experimental events.

I . INTRODUCTION

Extracting relevant brain activity from electro-
encephalography (EEG) data remains a challenging
task due to its low signal-to-noise ratio. The activity
of neuronal processeswhich one would like to study is
typically much smaller than the total varianceof the EEG
data.Recently, methodsfrom patternrecognitionhave been
usedin particularin the context of brain-computerinterface
(BCI) systems,see e.g. [5], [7]. The goal in BCI is to
identify EEG activity on a single-trialbasis1, e.g.to classify
the EEG activity so as to generatea control signal to an
externalprostheticdevice.

Linearclassi�cationcan�nd spatialprojectionsassociated
with speci�c cognitive or perceptualevents. To do this, a
linear classi�er can be applied to the spatialpro�le of the
evoked response.Such spatial projectionsof the data can
be interpretedas the activity of the neuronalprocessthat
is associatedwith an event of interest [9]. An alternative
method of identifying EEG activity has been to consider
the time courseof activity in individual electrodes.This
moreconventionalparadigmhascoinedexpressionssuchas
the `N100' and `P300' activity, which are well recognized
in the cognitive neurosciencecommunity(N100 refersto a
negativity at 100msafter stimuluspresentationand P300a
positivity after 300ms.)In fact, the time courseof activity
hasalsobeenusedto identify, on a single-trialbasis,activity
associatedwith an observable event. In particular, linear
classi�cation of the time courseof an evoked responsehas
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1A `trial' refersto a snip of EEG datathat was recordedtime-locked to
an event.

beenusedon individual electrodes[2]. This paperaddresses
the questionof how to combiningboth the time and space
dimensionin a linearclassi�er. Thegoalis to extendprevious
work on linear single-trial classi�cation of EEG activity to
the combinedtime andspacedomain.

Training a classi�er for EEG is often challengingbecause
of thehigh datadimensionalitywhich leadsto over-training.
For instance,the naive approachof combiningspacialand
temporal information would combine multiple samplesin
time from all electrodesto a single featurevector, e.g. if
the relevant activity in 64 electrodesextends over 500ms
sampledat 1kHz this approachwould leadto 32,000feature
values,whereasthenumberof trials is often little morethan
100. Therefore,given the typically limited numberof trials
this approachwill fail.

Generalclassi�cation algorithmscan be improved upon
by incorporatingusefulassumptionsaboutthe physiological
basis of the EEG signals.This paper proposestwo regu-
larization methodsthat are basedon simple assumptions
about the activity of interest. First, we assumethat the
activity is static in space,that is, the neuronalprocesses
of interestdoesnot changeexcept in its overall magnitude,
while its anatomicaldistribution remainsunchanged.Second,
neighboringelectrodesas well as neighboringsamplesin
time do not vary drastically. Insteadmuch of the variation
observed from electrodeto electrode,and from one sample
to thenext aredueto unrelatedneuronalprocessesor sensor
noise.

In summary, in this paperwe take a simplelinearclassi�er
and constrain the parameterspace to be rank-one in a
spatio-temporalfactorial sense,hencereducingthe number
of parameterssigni�cantly. We also show how the factorial
parameterspaceis useful for regularizationin the spaceand
time dimensions.

I I . RANK-ONE BIL INEAR DISCRIMINANT ANALYSIS

An EEG trial is representedhere by the matrix X n 2
IRD � T where n is the trial number, D is the number of
electrodes,andT is the numberof samplesretainedrelative
to the event. Let yn denotethe true label for trial n. This
label indicatesthe event that hasto be recognizedfrom the
EEG dataX n . We model the expectedlabel for trial n by
a linear network with logistic output unit, i.e. the `Logistic
Regression'model

E[yn ] =
1

1 + e�  (X n ) � w0
(1)

where (X n ) is a linearprojectionontoIR of thedatain trial
n, andw0 is a free `intercept' parameterwhich modelsany



offsetin theprojecteddata.Trainingof thelogistic regression
model is now a matterof �nding the right parametrization
of  (X n ) andestimatingthoseparametersbasedon training
data with known true labels. The linear network which is
fully connectedto eachpoint in the nth trial datamatrix is

 (X n ) =
X

i;j

(W ) ij (X n ) ij (2)

where W 2 IRD � T is a matrix of free parameters.The
doublesumin (2) is simply a projectionof thedataonto IR,
i.e. it is a direction,in thespaceof spatiotemporalmatricesin
IRD � T , which shouldbe optimizedto discriminatebetween
classes.Theparametrizationin (2) doesnotutilize thespatio-
temporalstructureof the data, i.e. it ignores the fact that
eachtrial is givenasa matrix X n with spaceandtimeasits
two ways2. In caseswhereit seemsplausiblethat temporal
evoked signaturesfrom differentsourcesarecommonto all
spatialdimensionsbut with differentweight in eachspatial
dimensionwe candecomposethe projectionusing

 (X n ) = uT X n v (3)

which is equivalent to (2) with a rank truncating(rank-one)
bilinear decompositionof the weight matrix

W = uv T (4)

where u capturesthe spatial pro�le (topography)and v
capturesthe temporalpro�le of the projection.

A. Cost functionwith smoothnessregularization

The log likelihoodof theparametersin a Logistic Regres-
sion model is given by

l =
NX

n =1

yn (w0 +  (X n )) � log(1 + ew0 +  (X n ) ) (5)

assumingyn independentandBernoulli distributed [6].
The decomposedstructure of the bilinear discriminant

makes it convenient to declareprior knowledgein IRD � T .
For instance,if knowledgeis availableaboutthesmoothness
in the direction of either D (spatial smoothness)or T
(temporalsmoothness),suchknowledgecanbe incorporated
by declaringa prior p.d.f. on u or v respectively.

Onewayto incorporateprior assumptionsin theestimation
is throughthe posteriordistribution of the weights.The log
posterioris equalto the log likelihoodplusevaluationof the
log prior, i.e.

logp(w0; u; v jX ) = l(w0; u; v )+ logp(w0; u; v ) � logp(X )
(6)

whereX denotesdata in all the trials available. Prediction
aboutnew datashouldbedoneby averagingoverall possible
model parametervaluesweightedby their posterior, which
might improve generalizationperformanceof the model in

2Theaxesor dimensionsof amatrixareoftencalled“ways” in thecontext
of bi-linear models

situationswith limited training data,seee.g. [4]. Here we
considerthe maximumof the posterior(MAP) estimate,i.e.

(w0; u; v )MAP = arg max
w0 ;u ;v

l (w0; u; v ) + logp(w0; u; v )

(7)
wherewith independentpriors

logp(w0; u; v ) = logp(w0) + logp(u) + logp(v) (8)

We declareGaussianProcesspriors for u, v , and w0 with
u � N (0; K ), andsimilar expressionsfor v andw0, where
the covariancematrix K de�nes the degree and form of
smoothnessof u by choiceof covariancefunction: Let r be
a distancemeasurein the measurementspaceof w, i.e. r is
eithera spatialdistancemeasureor a temporaldistance.For
instance,spatialsmoothnessis declaredby puttinga prior on
u; andr ij is thena spatialmeasurebetweenrows i andj of
thespatiotemporaldatamatricesX n , e.g.euclidiandistance.
Temporalsmoothnessis obtainedsimilarly by puttinga prior
on v; andr ij is thena temporaldistance,e.g.time difference
betweencolumnsi andj of thespatiotemporaldatamatrices
X n .

Then a covariancefunction k(r ) expressesthe degreeof
correlationbetweenany two pointswith that given distance.
For example,a classof covariancefunctionsthat hasbeen
suggestedfor modelling smoothnessin physical processes
(the Matérn class,seee.g. [10]) is given by

kMatérn(r ) =
21� �

�( � )

 p
2� r
l

! �

K

 p
2� r
l

!

(9)

where l is a length-scaleparameter, and � is a shape
parameter. The parameterl can roughly be thought of as
the distancewithin which pointsaresigni�cantly correlated.
The covariancematrix K is then built by evaluating the
covariancefunction (K ) ij = � 2 k(r ij ). We note that there
is a scaling ambiguity betweenu and v and the variance
parameter� 2 canthusbe kept equalfor u andv. K( �) is a
modi�ed Besselfunction, seealso [10].

B. ML gradientand Hessian

We seek the maximum likelihood solution by iterative
gradient based optimization. De�ne � (X n ) = E[yn ] as
computedin (1). Then,the gradientof (5) is given by

@l
@w0

=
X

n

yn � � (X n ) (10)

@l
@u

=
X

n

X n v[yn � � (X n )] (11)

@l
@vT =

X

n

uT X n [yn � � (X n )] (12)

And the Hessianmatrix entriesaregiven by

@2l
@w0@w0

= �
X

n

� (X n )[1 � � (X n )] (13)

@2l
@w0@u

= �
X

n

X n v � (X n )[1 � � (X n )] (14)



@2l
@w0@vT = �

X

n

uT X n � (X n )[1 � � (X n )] (15)

@2l
@u@(u) j

= �
X

n

X n v(X n v) j � (X n )[1 � � (X n )] (16)

@2l
@vT @(v) j

= �
X

n

uT X n (uT X n ) j � (X n )[1 � � (X n )]

(17)
@2l

@u@(vT ) j
=

X

n

(X n ):j [yn � � (X n )]�

X n v(uT X n ) j � (X n )[1 � � (X n )]

(18)

Optimization in logistic regressionis usually done though
iterative maximum likelihood estimation using Newton-
Raphsonupdates,see e.g. [6]. Here, however, we have
not provided any guaranteethat the Hessianmatrix will
be de�nite, and we thereforeproposeto optimize the cost
function usingthe so-called`DampedNewton' optimization
schemewhich will take Newton steps using an adaptive
regularizedversionof the Hessianmatrix, seee.g. [8].

C. MAP gradientand Hessian

For iterativeMAP estimation,theprior termsto beinserted
in (8) are

logp(w) = �
dim w

2
log(2� ) �

1
2

log(det K ) �
1
2

w T K � 1w
(19)

The extra terms,to be addedto the ML terms,are; for the
gradient

@logp(w)
@w

= � K � 1w (20)

and for the Hessian

@2 logp(w)
@w@(w) j

= � (K � 1):;j (21)

I I I . EXPERIMENT — TARGET DETECTION IN EEG

In the following experimentwe illustrate the usefulness
of the methodin a real EEG application.The datasetwas
63 channel(full row rank,averagereference)EEG at 200Hz
samplingrate. The paradigmwas visual stimulation (10Hz
image�ick er), with rare but anticipatedtarget images[11].
A total of 2500 trials were recorded,but only 50 of those
trials were target trials. Hence,the numberof target trials
were less than the number of parametersin the model.
Thus,generalizationperformanceof anML estimatedmodel
without smoothnessregularizationwas expectedto be poor
which was con�rmed by � ve-fold crossvalidation (i.e. 40
target trials available for eachtraining) and measuringthe
area under the Receiver Operating Characteristics(ROC)
curve which is invariant to class-skew, see also [1]. We
will refer to areasunderROC curvesusing the abbreviation
`AUC'. The resultingAUC, usingML estimation,waspoor
as expected;AUC = 0.72 which correspondedto roughly
0.32 falsepositive rateand0.68 true positive rate.

We then used the Matérn class of covariancefunctions
(9) for incorporatingsmoothnessregularizationin themodel.

Std.dev. � Lengthscalel Matérn shape�
Interceptw0 5 � �
Smoothnessof u 0:1 0:1 100
Smoothnessof v 0:1 18 2:5

TABLE I

DECLARING THE A PRIORI ASSUMPTIONS ABOUT THE TEMPORAL AND

SPATIAL SMOOTHNESS OF THE PROJECTION USING GAUSSIAN

PROCESSES. THE PARAMETER VALUES FOR THE MATÉRN COVARIANCE

FUNCTION (9) ARE SUMMARIZED IN THIS TABLE.

Temporalsmoothnesswasstraight-forward to implementby
letting r ij equal the normalized temporal latency ji � j j
betweensamplesi and j . Spatial smoothnesswas imple-
mentedby letting r ij equal the euclidiandistancebetween
electrodesi and j in a normalizedspacewherethe human
headwasassumedsphericalwith radius0.5.Theparameters
of the GaussianProcesspriors were hand-tunedin a few
(< 20) runs with the algorithm monitoring and optimizing
theareaundertheROCcurveusing� ve-foldcrossvalidation.
The bestset of parametersare summarizedin Table I. The
resulting area under the ROC curve AUC was 0.93, and
correspondedto roughly0.13falsepositive rateand0.87true
positive rate, indicating that the algorithm was successful
in estimatinga discriminatingdirection which was highly
relevant for the experimentaltask. This �nding underlines
the usefulnessof the methodas a single-trial classi�er for
EEG.

We also investigatedthe topographyandtemporalpro�le
of the discriminating projection. First the model was re-
estimatedusingtheparametervaluesin TableI but this time
for the whole dataset.The algorithm convergedin 41 iter-
ations,andFig. 1 shows the resultingprojectiontopography
and temporal pro�le. The peak at 300ms in the temporal
pro�le in Fig. 1(b) is in agreementwith the conventional
P300which is typically observedwith a raretarget stimulus
[3], [9]. The early peak (here around125ms)has likewise
beenreportedpreviously for this visual paradigm[11]. The
projection topographyin Fig. 1(a) also coincideswith the
previous �ndings in the literature[11], [3], [9].

IV. CONCLUSION

We have presenteda bilinear decompositionof the dis-
criminating projection in logistic regressionwhich reduces
the number of parametersin a physiological meaningful
manner. Furthermore,we proposedthe use of Gaussian
Processesas a way to regularize the solution with respect
to smoothness.Our experimentsshowed that the method
wasuseful asa classi�er, obtainingan areaunderthe ROC
curve of 0.93in a quite high-dimensionalEEG datasetwith
only 40 targetsavailable for training. Further investigation
of the resultswasencouragingfrom a physiologicalpoint of
view andthe methodcould potentiallybe usefulasa tool to
interpretthe activity in the dataat handwith respectto the
experimentalevents.



(a) Projectiontopography, û .
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Fig. 1. Projection topographyand temporal pro�le found by rank-one
bilineardiscriminantanalysisin EEGdata.There's apeakin thetime course
around300ms,anda peakaround125ms,andthey agreewell with previous
physiological�ndings in the literature.
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